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Abstract

The high frequency response of the inter-stage coupling
network of any amplifier 1s limited by the total parasitic
capacltance that exists betwsen the output terminals of one
stage and the following input terminals. By the addition of
suitably chosen reactive elements the amplitude, phase, and
time responses of the network will be improved. A five re-
active network with three terminals 1s analyzed on a nor-
malized basis and compared to the simple RC network which
will be called the uncompensated refersnce. Two capacitive
elements in the network represent the division of the dis-~
tributed parasitic capacltance into lumped elements while
the remaining three elements are physical entities. Values
for the reactive elements will be selected for three dif~-
ferent criteria: 1) critically damped transient response,
2) maximally flat amplitude response, and 3) linear phase
response. After the parameters have been selected the nor-
malized equations for amplitude, timé delay, and step re-
sponse will be derived and plotted for comparative purposes.
Pole-zero plots are also drawn to give a more succinct pic-
ture of the networks analyzed. The calculations for this re-
port Qere made with either an IBM 650 computer or a desk cal-
culator. 8ix significant figures were maintained in the cal-
culgtions. However, all figures in this report will be round-

ed off to four piaces.
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1
I. TRANSFER IMPEDANCE OF THE NETWORK

a. Introduction

| The high frequéncy representation of the interstage
coupling network to be analyzed 1s shown in figure 1. A
constant-current drive 1s represented by the current I
while Ve is the voltage into the next stage. Therefore,
the quantity of interest is the ratio of Vz to I. . Ci
and Cz represent lumped model representations for the
parasitic capacitance and Li, L2, and C3 are the peaking
elements to be added. R 18 the load 1lmpedance eeen at DC,
b. Normalization

By dividing all resistance and inductance by the fac-

tor R and multiplying all capacitance by the same factor
the network may be impedance scaled such that at zero
frequency the load 1s one ohm. Frequency scaling may be
accomplished by dividing all inductance and capacitance
by R(C+ £ Cz2) such that in the uncompensated case the half-
power frequency occurs at w sgual to one radian per second.
These operations yleld the network shown in figure 2. If
Ci £ C2= 0, the parasitic capacitance in the uncompensated
case, the following normalization equations will be obtain-

ed:
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Htr = Ztr P - 8sRC
R
T = b
RC

By solving the above set the following denormalizing

equations are obtained:

Ci = qC Ca=qC
C: = (1-q)C Ztr = R Htr
Ly =2 kiRG Lz = kaR®C
t ZRCT w =z g
. RC
8 =p
RC

¢c. Derivation
The ladder reduction method ( 1 ) can be used to obtain

the normalized transfer impedance of the network shown in

figure 3.
1 RS
PQ Al I3
p?lkaq £ pkaf 1 Ve
- PP(l-g)k2qi# p®ke(l-q)f p(1-0)f paif 1 Iz
p'iikaq (1-q9)F p’kika(l-0)f p2(1-g)kif pPkiaqr# pPkag, Vi
£ okif pkef 1

p® ki keqqr (1-q )/ p' kikegq(l-q)f p3[ksq(1-q)/ arqki £ keqqr In
# kaai (1-q)) £ 0°[aki £ akef k2(1-q)) £ plaf 1-af )] £ 2
Htr = pkeqi £ pkaf 1
0" ki keqqs (1-q)# p'ki keq(l-q)¢ p*[kiall-q)f qi(akif ke) -
#ofakif ke)f o1 0 £ 2




The following substitutions can be made:

- kiqg = & l-g = b
k= ¢ Q= 4
Htr = ptcdf pef 1

p*abedf plabef p?(abf adf cd)f p*lafe)f p(lAd)f 1
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IT. CRITICALLY DAMPSD TRANSIENT RESPONSE

a. Selection of Parameters

This criterion requires that all the poles of Htr coa-
lesce at one point on the negative real axis. The Laplace
inverse of this pole configuration will be vold of any sine
or cosine terms and thereby of a critically damped nature.
D(p) must be of the form:

( 1/p )s- 1/ 5pé 10p' /£ 10D # Sp' # p°

o *x &t %3 xv %S _
D(p) = 14 (14d)pf (afe)p?# (abfadfed)p®# abep's abedp®

By equating the coefficlients of equal powers of p the follow-

ing system of equations are obtained:

144 =585 , 10 = afc 10 = abf adf cd
o o2 w3

5 = abe 1 = abcd

q'( qs

Thls set 18 solved directly to yleld:

a = 17%8 b =65 c = 25
576 21 192
d=1 x = 24
24 5

Solved in terms of the network parameters the following val-
ues are obtained and indicated on the nstwork in figure 4 in

terms of the denormalizing quantities:

Q=1 q =16 l-g = 5
24 21 21
k2= 25 ki =-1225

192 3072



b. 8tep Response
Htr(p) = p' 26 /A p 25 /1
reas | Pik

(*#2%)
(2_5) 1%/1)12‘./1
(pr‘gf'.)

= K/ £ _Kys £ _Ke__ 4 _Ks

(p /iﬂ) (p/eﬁ) (p?ﬂ)*(p“? %)' p}@s_
HE) CHE) AE”
(ray (ra) (g

The inverse Laplace of the above ylelds the impulse re-

sponse :

h(Y) = (2&)1 T oxp( 2& Y) 4 %( )"1 v exp(-en T) |

24
57 5

1
2
£ ( )1 'Texp(-24']’)

The step response can be obtained from the abovet
—r

a(7) = /h(x) dx
a(T) = 1 -exp(-4.87)- 4.8:Texp(-4.8"7)- 11.52 'T;xp(-lt 87T)
- 16.13 Texp(-4.8T)- 11.06 Toxp(-4.8T)
The above equation 18 shown in figure 7 whers 1t is the curve
labeled T,

¢. Amplitude Response

Htr()g) = 1 - %g' / M&
| (1/ i %EY




B W s e s ey

(122 ¢} AL2c)e”
5o 1192
(2 Ae)")
1 / .006104 g2 4 .2943%10 g4
1/ .2170 g° £ o184 ¢4 e176x20 "¢ ¢
£ 17.74x10°° ¢° £ .1su0x100g "

The | Htr| 1s shown in figure 8 as the T curve.

\ Htr|z

d. Normalized Time Delny
D=e (g)

° (¢)\11m¢—-0

-6 (#) = tan” NrDL - NiDr
NrDr # NIDi

where Nr, Dr, N1, and Di are the real and ilmaginary partes of

the numerator and the denominator of Htr(jd).
Htr(3g) = 1 - .00c426 g% £ ,13021d

1 - 4340 g° /4 000419 g/ 3 ( 1.042 ¢
4 .3928x107° @°- .o9042 g)
-6 (¢) = tan ' .0115 @ - .03956@ ° - .3434x10"¢5

-2.129x20 "¢ g7 __
1 - .3038 g°
D==-0 ()
9115 ¢#

The above equation 1s shown in figure 9 as the T curve,
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IIT. MAXIMALLY FLAT AMPLITUDE RESPONSE

a. S8election of Parameters
This criterion requires the maximum number of derivatives
of the |Htr] versus @ vanish in sequence at @ equal to zero.
An equivalent condition, which will be used below, requires
that the maximum number of derivatives of \Htr\z versué ¢! van-
1sh 1n sequence at # equal to zero. This condition may be de-
rived as follows:
Htr(p) = 1f aipf a2p £ asp’/ ...
1/ bipf bap’ A bap' £ ...
Htr(38) = 14 Jai - aff'- Jmsg'f ...
14 b g- beg- goag’s ...
\Btel® 2 (1= aaf ™ oo ) f (anf- aaf’f o )
(1- 0eg®f oo )4 (big-mag's .o )
1/ megif mig s ...
1/ ng’f ng'y ...
N(g?)
D(g?)
If D(@?) 1s Aivided into N(@?) the following ascending series in

¢z is obtained:

\titrl® = 14 (me- n)g*/ [(me- nv)- nelme- ne)) g% ...
From the above expression it can be seen that if the corres-
ponding coefficients of the \Htr\2 are set equal to each other
( m2= ny, my= ny, etc. ) the conditions for maximally flat am-
plitude will be satisfied. |

For the network oonsidered;
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lHtr|® = 1/ ¢#¥(c* -2¢a)f ot a®
1/ ¢ [(14a) -2(afe )] # 8" [(aro ) f2abe-2(abladfoa )(1/4))
/gt [(ab/ad/cd ) f2abed(1/d)-2abe(afe )] £ a° [a.a S
-2abed (abfadfed )] £ #'°atbtota’ '

Eduating corresponding terms gives the following system of
equations:

c*-2cd = (1/d)*-2(afec)

c?at= (a/c)Z/Eabc-Q(ab/ad/cd)(l/d)

0 =(abfadfed)’ f2abed(14d)-28bc (afe)

0 = a?b’c’ -2abcd(abfadicd)

Using the Newton-Raphson method on the above system yielded

the following results from an IBM 650 computer:

6 = 3002
b = 4504
c = .2931
d = .1014

Solved in terms of the network parameters the following values
are obtained and indlcated on the circult shown in figure S in

terms of ths denormalizing quantities:

g = .5496 k2= ,2931
kl = 05a62 ql = .1014
1-q = 04504

b. Amplitude Response
Htr(3g) = 1 £ 306.2932 - @%.02973
1 /4 )8 1,101 - g%.5933 - 3p219544 #4.039634 3¥%004018
|Htr|® = 14 .026478%4 .0008841¢"
1/ 026478 4 .0008841¢"/ 16.17X107%g"




The |Htr| i1s shown on figure 8 es the A curve.
c. Normalized Time Delay
- o(g) = .P083¢ - .054208 - .0017908° - .0001195¢"

1 - .3002¢°
D = - o(g)
.8083¢

The above equation is shown on figure 9 as the A curve.
4. Step Response
7.396 p’ £ 9.862pf 33.65
P*# 9.862p" f 48.62p° 4 147.6p" 4 2T4.1pf 248.9
7.396 (pA4.931-3.055) ) (pF4.931£3.055 )
(pA2.963)(pA2.443-1.7))(pf2.44341.7))(pAL.00742.91}) )
(pA1.007-2.91}) A

Htr(p)

A(p) Htr(p)

p

2 Ko f K. £ K, # £ Ka
P PFAl.007-2.913) p/f1.00742.91) pf2.443-1.7)

4 Ko £ K
PA2MI3ALTY  pF2.963

Ko=1 Kz

Kv = ,2503/4.2643 ) Ki = -.8483

The inverse transform is obtained by using:

Ik /g% 1\ = 2Re(K)exp(-
2, [plu-m p/o</m\ 2Re (K )oxp(-= t)oos At

-2Im(K)exp(- t)ein At
a(T) = 1-.8483exp(=2.963 T )/ .5005exp(~1.007 T )c0s82.910T
= +5287exp(-1.007 T )8in2.910 7 ~ .6523exp(-2.443 T )cosl.7T
- 1.214exp(=2.4437 )sinl.7 T

The above equation is shown in figure 7 as the A curve.
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IV. LINTAR PHASE RESPONSE ( MAXIMALLY FLAT TIME DSLAY )

a. Selection of Paramsters
The parameters for this criterion are derived by forecing

the phase to be linear over as large a range of frequencies ase
possible. If the phase 1s initially set equal to some constant
times frequency it will possess a Maclaurin series. The corres-
ponding coefficients of this series can be set equal to the
phase function of the network. If this procedure is followed in
sequence until all degrees of freedom are exhausted it will
provide a system of equations that can be solved for the de-
sired parameters as follows:

- @ = tan' r(g)

tan(-0) = f£(g)
Let -0 = ¥@, then:

tandg = ¥g £ 68 £ 208 1758 4 62v g £ ...
;— 15 315 2835

It £(f) =88 £ 5f £ 8¢ / 0@ 4 8@ £ ... the criterion

is satisfied for four networi parameters, since ¥ is an added

varlable, when:

¥ =8 ¥ =0
3
5 ]
28 = Us 178 =¥
15 715
62% = ¥
2835

For the network considered:

-0 = tan  B(1/a-c)/F (ac/ct-2ca-cd® -ab-ad )/8* (2abodfacal fotal
—abd)-g abel d®

1 - g¢¢
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f(¢) can be divided out to give the following ascending power

series:

£(g) = (1fd-c)f / (a/c’-zcd—cdz-ab)¢3/ (a'fac’ -2acd-abf2abed
fe " -abe® ) A (a3/azcz-2a2cd-a’b/Qa’bcd/aczd‘-a‘bc!
—abcld’ )@ ¥ alafa’c’ ~2a cd-a bf2abedfactd -abe'
—abctd’ )g Y/ ...

The system of equatlions to be solved 1s therefore:

¥ = 1/d-c
3

3 = afc? =2cd-cd®-ab
3
S
2% = 2’ fac’ -2acd-a’bf2abedfc’d’ —abe”
15
17% = a’ fa’c’ -2a’cd-a’bf2a bedfac®d’-abo®-aboa’
319
62¥ " = a*fa’c'-2a’cd-a'bf2a’bedfatctd’-a be ~aTbctat
2835

The above system solved by the Nawton:Raphson method on an

IEM 650 computer ylelded:

a = .2987 4 = .07581
b = 3406 = .8565
c = .2193

Solving for the network values gives the following which are

also indicated in figure 6 in terms of the denormalizing quan-

tities:
qa = .6594 k:= .2193
k2 4530 Q= .07581
l-q = 3406

b. Normalized Time Delay
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-0 = tan  .8565¢ -.045308° - .00085728" - 28.12x16°8
1 - .29878°

D= -0

.BE657
The above equation 1s shown on figure 9 as the D curve.

c. Step Response

Htr(p) = 9.830 p*# 13.19pf 60.15
p® £13.19p" £83 .37p° #4306 .3p* #4636 .0p£59L .2
= 9,830 (pA6.59544 .080))(pl6.595-4.080))

(pA3.418)(pf2.870-1.601))(pf2.8704£1.601))(ps2.016
#3457 1) (pf2.016-3.457))

A(p)= Htr(p)

= Kof K P4 K% £ Ka
p pA2.870-1.601) pF2.87041.6013 pFg2.016-3.457)
£ Ka# F__K3
P£A2.016/43.45T1 pf3.418
Ke= 1 Ke= ,3612-.08289)
Ke= .103941.598) Ka= -1.930

The lnverse transform yields the following:

a(T) = 1-1.930exp(-3.4187)£.2078exp(-2.870T)cosl 6017
~-3.196exp(-2.8707)sinl .601T£.7224exp(=2.016T)cos3 45T
#.1658exp(-2.016T)sin3 . 45T T

The above equation 1s shown on figure 7 where it is the curve

labeled D.

d. Amplitude Responae

Htr(3g) = 1/£38.2193-¢ 01663

195 .0016914¢" .02231- 387 .1410-8" 51804 391.076/41
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|Htr|® = 1/.01484¢" £.0002764¢ "
1/.1214¢" £.009553g8" £.00040808* £ .00002079¢"° £2.861x10 ‘g"°

- The |Htr! is shown on figure & as the D curve.
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V. RC REF:RENCE

The RC reference 1s obtained by removing all peaking el-
ements. This forces Lt, Lz, and C» of figure 1 to zero.

a. 3tep Response

Htr(p) = __1
1/7p
Alp) =1 _1 =K / Ka
p1/p p 1l 4p .
Ki =1 Ka = -1
a(T) =1 - exp(-7T)
b. Amplitude Response
IHtri® = 1
17 g%

¢. Normalized Time Delay

D= tan—'g

a(T), \Htr\, and D are shown as the U curve on figures 7, 8,

and 9, respectively.
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3988 R%C 1302R%C
P 4
.7619C R 2381C 7R 04167C = 4]
[«
FIG.4. CRITICALLY DAMPED NETWORK
5462R%C .2931R%C
[ Y'Y\, SN\,
5496C == .4504C >= 1014C == $r
[«
FIG. 5. MAXIMALLY FLAT AMPLITUDE NETWORK
4530R%C .2193R%C
O T\ Y\
.6594C 7= .3406C 7= .0758IC 7= ' it R
o—
FIG.6. MAXIMALLY FLAT TIME DELAY NETWORK
6C
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FIG. 8. AMPLITUDE RESPONSE
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VII. TABULATICNS (2), (3), (4), and (5)

a. 3tep Response

T T curve A curve D curve U curve
.1 .0026 .001267 001651 0952
o2 .01692 .1813
) .05186 .03511% .04000 .2592
4 .1089 3297
5 .1847 .1289 1572 3935
-6 02731' 014512
o7 . 3681 23011 3443 5034
.8 LA627 5507
.9 5523 5216 .5934
1.0 6337 6364 .6570 6321
1.1 .T0%3 6671
1.2. 7663 .B847E .8321 .6988
1.3 8172 7275
1.4 .8£88 1.008 .9322 <7534
A 1.5 .8921 L7768
1.8 9541 1.118 8347
: 2.0 9754 1.096 1.010 8647
2,2 1.0%2 1,005 .8892
2 05 09957 09889 -9988 09179
2.7 9664 .9328
3.0 9652 .9991 +9502
3.5 1.000 1.001 .9698
4.0 1,013 1.c00 9817
4,3 1.007 .9864
4.6 +9995 9899
5.0 .99%5 «9933
b. Amplitude Response
J 4 T curve A curve D curve U curve
.2 9958 1.000 +9979 975
.8 .93%6 1.000 L9657 .7809
1.0 +9020 <9999 9472 7071
1.5 S7977 .999¢ 8832 5547
2.0 6785 9927 .8094 JAa72
; 2.5 «5595 <9413 6942 3713
! 2.7 .8879 3473
; 3.0 4509 .7605 SBT3 3277
3.2 6545 .2983
3.5 4962 2747
4,0 .2813 .2978 <3383 2428
5.0 1724 1176 1716 1961
8.0 04432 .01907 .02921 1240
10.0 .02094 .008789 .01296 .099%0
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T curve

.9962
+9840
<9649
.9401

.8789
.Th23

.6200
.4828

e N e e e e

¢. Normalized Time Delay

A curve

1.005
1.016
1.040
1.082
1.152
1.232
l .221'
1.079
.81¢8
5805

D curve

1.000
1.000
1.000
1.000
1.000
1.000
.9788
9131
+7390
.5419

U curve

9273
.7853
.6552
+5536
4761
4164
2747
.2041
1471
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From » closoe scrutiny of the plots many concluslons can
be derived. Most analytic flgures of merit however are more

difficult to evaluate. In most cases they can be obtalned by

_only a cut and try procedure, Therefore, unless a more accurat

solution was desired or easily evaluated, the following nu-
merical values will be obtalned by graphical interpretation,
Two common fipures of merit for a step response are rise
time which 1s the time requlred to go from the ten percent to
the ninety percent point and the amount of overshoot. These

quantities are tabulated below:

A D T U
Rise Time .61 L7 1.14 2.2 ﬁ‘
% Cvershoot 12 1 0 0

If a slipght overshoot can be tolerated, case D( the linear
phase criterion ) actually will glve the best step response.

The three db. or half-pover frequuacy for the various
networks are tabulated below:

A D T U

] 3.103(calculated) .2.4%5 1.86 1
The maxiwmally flat amplitude network will allow an increase
in the galn-bandwidth rroduct of the network by a factor of
3.103. Actually Iin an auplifler composed of several peaked
stages the bandwildth increase over the simple RC coupled
case wlll be even greater than 3.103 since the A curve is
quite flat before breaking off sharply at approximately

the half-power trequency. The figure of 3.103 compares quite



J—
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all

favorably with the infinite peaking eircuit (6) which has a
three db. point at @# = 4.02, and 18 a 14.%% improvement over
a four reactance three terminal network (7) which has a three
db. point at ¢ = 2.71.

A figure of merlt for the normalized time delay is the
“7& peint which 1n the uncompensated network corresponds to
the 4% derrees phase nolnt. Thls point is tabulated below:

A D T n '

# . T.3 6.43 4 .4 1
(enlculated)

This point does not portray the entire plcture since the A
curve has considerable overshoot. The'Vh points for the in- .
finite and four reactance maximally flat time delay networks
occur at @ = 7.4 and ¢ = 5.5, respectively.

The pole-zerc plots tend to tie together the three pre-
vious plots. It is seen that the poles of the A case are clos-
est to tho ) axis thereby silving the best frequency response
yet the poorest step response. The T case is just the oppo-

site while the D case 18 a good compromise,
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